This report presents an analytical approach to the problem of scattering by random surfaces possessing many scales of roughness. The approach is applicable to bistatic scattering from dielectric surfaces, however, this specific analysis is restricted to backscattering from a perfectly conducting surface in order to more clearly illustrate the method.
The surface is assumed to be Gaussian distributed so that the surface height can be split into larga ^£ and small C8 scale components, relative to the electromagnetic wavelength. A first order perturbation approach is emplo yed wherein the scattering solution for the large scale structure is perturbed by the small scale diffraction effects. The scattering from the large scale structure is treated via geometrical optics techniques since 4ko p >> 1. To the accuracy of the first order perturbation theory, the assumption of two -scale scattering, and k large, the resulting solution is essentially exact. The effect of the large scale surface structure is shown to be equivalent to a convolution in k-space of the height spectrum with the following:
the shadowing function, a polarization and surface slope dependent function, and a Gaussian factor resulting from the unperturbed geometrical optics solution.
This solution provides a continuous transition between the near normal int.idence geometrical optics and wide angle Bragg scattering resul4s. A specific example indicates that the large and small scale separation wavenumber 1. should be based on the condition 4k0 s = 
INTRODUCTION AND SUMMARY OF RESULTS
Classical analyses of random rough surface scattering [1] are capable of providing precise quantitative predictions for two distinctly different r types of surfaces; the gently undulating surface having large surface height excursions, and the surface characterized by small height and slope excursions. For the former case, the solution assumes the validity of the physical optics approximation for the current induced on the surface by the incident electromagnetic fields; it, therefore, comprises a high frequency solution to the scattering problem. In the case of the latter surface, a boundary perturbation technique is employed and the resulting solution represents a low frequency limiting form. That is, the height of the surface perturbations must be small relative to the electromagnetic wavelength. The physical optics approach can be applied to surfaces having small height excursions, however, such an application does not yield the proper polarization dependence.
For surfaces characterized by many scales * of roughness, the so-called composite surface scattering theory [2, 3, 4] has been developed as a means for predicting the behavior of the electromagnetic fields scattered by the surface. In this approach, the scattering in the near-specular direction is dominated by the physical optics solution, whereas the large angle of incidence perturbation contribution is modified due to local tilting of the mean flat surface by the large scale surface components. The total liverage scattered power is the incoherent sum of the physical optics and the *The terminology large scale and small scale refers, approximately, to the height of the surface excursions. The large scale heights ara measured relative to the mean flat surface. The small scale heights are measured relative to the large scale surface (see Figure 1) . A more precise dpEtttfta,'1 in terms of the surface height spectrum will be given in. section 2.^^% tilted perturbation solutions with restrictions (in observation space) on the regions of validity of the sum. More recently, an alternate attack on the problem of scattering by a surface with many scales of roughness has been proposed [5] ; however, the basic approach employed in the analysis has been seriously questioned [6] . Although the composite model of scattering by surfaces possessing many scales of roughness is very satisfying for small and large angles of incidence, i.e. where either the physical optics or the perturbation solutions are dominant, it would seem that additional analytical effort is required for the transition region between the two solutions.
The original intent of this investigation was to find a solution to the composite surface scattering problem which provided for a continuous transition between the near specular physical optics and wide angle tilted plane Bragg solutions. As will be shown, the results obtained herein not only describe the transition, but, to the accuracy of (1) the first order perturbation theory, (2) large electromagnetic wavenumber, and (3) the inclusion of only physical optics or small scale diffraction * , are essentially exact.
Unlike the conventional composite surface scattering theory, the present approach is based on analytical techniques -rather than physical considerations; the physical considerations are introduced after the final result is obtained in order to verify known limiting behavior.
The analysis employs a perturbation technique developed by Burrows [7, 8,91 which, because of its simplicity, is the key to the entire solution.
ThH zeroth order solution is taken to be the physical optics scattering result while the first order perturbation term uses the physical optics result *Surface foatures such as edges and cusps are not amenable to analysis by C''Jrst o lt]F\r perturbation theory and are not considered here.
as the unperturbed solution. In order to use this particular approach, the surface height spectrum must be split into two contiguous regions; the large scale surface height (^2) represented by the low frequency region is assumed to be sufficiently smooth so as to form the unperturbed surface. This unperturbed surface is amenable to a physical optics approach for determining the scattered fields. The small scale surface height (^s ) represented by the high frequency part of the spectrum is assumed sufficiently small so that a first order perturbation of the physical optics solution is an adequate description of its scattering properties. Since the analysis also requires that C and ^s be independent, the surface is assumed to be jointly Gaussian. The use of spectral dichotomy introduces a dependence in the solution upon the wavenumber where the spectral splitting occurs (kd ). This wavenumber cannot be completely specified, but it can be bounded from one side by the small height requirement on^s , i.e. 4ko ^2 << 1, where ko is the electromagnetic wavenumber and ^2 is the mean square height of the small s scale structure. However, physical considerations are introduced to show that k can, in fact, be rather tightly specified. The specification of k will depend upon the surface height spectrum.
In order not to overly obscure the basic approach, the analysis is restricted to the case of backscattering from a perfectly conducting surface; the extension to bistatic scattering from a dielectric interface follows essentially the same procedures. The evaluation of the first order perturbation mean square power, including shadowing, is greatly facilitated by identities developed by Stogrya [10] and Sancer [15] . Using Fourier transform techniques, the first order perturbation scattering for 4ko ^ >> 1 is shown to comprise two terms. The first involves a convolution in the wavenumber domain of the surface height spectrum, a polarization dependent function, a shadowing function, and a Gaussian function whose width is determined by the large scale mean square slopes. The second term is identical to the first except that the convolution integration is over a finite domain which, in turn, is determined by the wavenumber kd . The sum of these e two terms along with the geometrical. optics* result provide for a continuous description of the scattering. Under the assumption of small large scale mean square slopes, the result is essentially identical to the conventional composite surface result except in the transition region between the geometrical optics and first order perturbation terms. 'Then the large scale slopes are not small, the two results are not in obvious agreement; however, a numerical comparison would be required to determine the degree of error in the conventional result.
For an isotropic height spectrum and small large scale slopes, the result reduces to a particularly simple forma A. numerical example is presented wherein the behavior of the solution is studied as a function of the wavenumber kd . Based on the criteria that kd be as small as possible (to insure that the large scale surface is sufficiently smooth) and that 4ko ^S « 1, the results of this example indicate that k should be chosen according to 4k2 C 2z 0.1. Using this criterion and a o = 2 cm, ad was computed to be 27T cm.
That is, the geometrical optics solution is assumed to be accurate for all surface features having wavelengths greater than 3),o while the first order perturbation term is assumed to be valid for all features having wavelengths less than 3X 0 .
To the accuracy of the basic scattering mechanism assumption, i.e. geometrical optics or small scale diffraction, this computed value of ad appears to be reasonable.
*Since it was necessary to assume that 4ko ^t >> 1, the physical optics scattering is equivalent to the geometrical optics limit.
In addition to the continuous transition property of this result, it also exhibits two other important features. As the electromagnetic wavelength, Xo , increases then so must ad . Consequently, the large scale mean square slopes will decrease and the geometrical optics result will increase at normal incidence and decay more rapidly with angle of incidence. Hence, there will be a frequency dependence in the geometrical optics result which is not predicted by conventional Kirchhoff analysis but has been experimentally observed in radar studies of the moon [ 11] . The use of a truncated spectrum in calculating the (geometrical optics) effective mean square slopes was originally proposed by Hagfors [ 12] ; such an approach has now been verified and explained. It will also be shown that the first order perturbation result gives rise to depolarization which is dependent on the large scale slope; when the large scale slope is small, the depolarization is essentially zero, however, when these slopes are large the depolarization may not be negligible especially near grazing incidence. Further calculations are required to ade q uately assess the degree of depolarization.
SURFACE DESCRIPTION
The scattering surface is taken to be perfectly conducting and infinite in extent along the x and y coordinate axes ( see Figure 1 ). The height of the surface z= C(x,y) is measured with respect to the z = 0 plane which is chosen suct that the average height of the rough surface is zero, i.e. ^(x,y) = 0.
The random surface height ;(x,y) is assumed to comprise a superposition of a sufficiently large number of zero mean, independent "component" heights so ' that ^(x,y) and all of its derivatives are Gaussian [ 13] . In addition, the surface is assumed to be free of edges or cusps since such features are not adequately accounted for by the theory to be presented [7] . The spectrum of the surface height undulations is given by S(kx,ky) where k and k are wavenumbers along the x and y-directions, respectively. Since ^(x,y) is a linear sum of statistically independent "component" heights, the sum may be rearranged into the following form:
where ^k and ^a are also independent, zero mean, Gaussian processes. The spectrum for ^ (x,y) is S(kx,ky) for CI XI < k d) n (IkY I< kd), while the spectrum for ^a (x,y) is S(kx ,ky ) for (IkxI > kd ) U (I ky I > kd). The choice of the wavenumber kd is such that the following two requirements are satisfied for the large and small scale surfaces, respectively;
4ko gs << 1 I
where k is the wavenumber of the electromagnetic field incident upon the rough surface. In addition to (2), it is implicitly assumed that for the large scale surface, i.e., ^k (x,y), the radius of curvature is everywhere large relative to the electromagnetic wavelength a o = 27r/k 0 . Since CQ(x,Y) and s (x,y) are independent, the surface height spectrum may be expressed as follows:
where
S a ( kx , ky ) = S ( kx , ky )
Equations ( 1) and (4) along with the fact that CQ and ^s are zero mean Gaussian are crucial to the development to follow. If ^(x,y) is non-Gaussian, it
is not clear that the densities of ^, and ^s and their derivati+;a:s can be uniquely defined [14] . More importantly, however, is the fact that spectral dichotomy as given by ( 4) may be invalid. That is, if ^(x,y) is non-Gaussian then either it is not a linear superposition of the "component" surface heights or there is not a sufficient number of statistically independent "component" heights, and either of these conditions would invalidate ( 4) . The analysis presented here requires Gaussian statistics. When the large scale slopes are small, the Gaussian assumpe. on can be removed provided spectral dichotomy is still applicable; however., the analysis would necessarily have to be modified. For the case of the ocean surface, nonlinearities are a major source of concern and their effects are required to be small for this analysis to hold.
The purpose of the above discussion is to set the stage for the application of Burrows' perturbation technique to the computation of the fields scattered by the random surface. For kd sufficiently small relative to ko (the electromagnetic wavenumber), the artificial surface z = ^k (x,y) will be gently undulating and will, therefore, be amenable to a physical optics analysis for the scattered fields. Assuming that (3) can also be satisfied, the small scale surface height ^a ( x,y) can be treated as a slight disturbance of Ck(x,y), and the first order perturbation of the physical optics fields can be computed using Burrows' most recent formulation [ 9] . The technique of perturbing the physical optics solution to account for small amplitude surface distortions has previously been applied to deterministic scattering by a large sphere, and
excellent agreement with numerical solutions were obtained [7] . It can also be shown that for a slightly perturbed planar surface, Burrows' theory results in the classical Rice solution with a considerable reduction in mathematical manipulations. In essence, Burrows has provided the formalism required to solve the composite surface scattering problem to the accuracy of first order. perturbation theory; this paper presents the details necessary to go from formalism to results.
APPLICATION OF BURROWS' PERTURBATION THEORY
Burrows has shown that for a perfectly conducting scatterer, the first + order perturbation scattered field, 6E
given by the following expression
where the unprimed fields are incident fields evaluated at the unperturbed surface S o , and the primed fields are incident fields evaluated at S o due to an electric current element + J' at a distance r from the surface. The unperturbed surface So is assumed to be sufficiently smooth for the application of the physical optics assumption. Also, n is the outward directed normal to the unperturbed surface, w is the radian frequency of the incident field, and eo, P o are constitutive parameters of free space surrounding the scattering surface. The prime and unprime notation refer to different coordinate systems; a convenient shorthand notation for bistatic scattering and principal or cross polarization sampling. For the purposes of this paper, it is more convenient to replace j' by an equivalent plane wave [7] ; then, using
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and letting the primed and unprimed coordinates be identical, i.e., backscattering, (7) simplifies to the following form;
The primes in (8) In (8), k. specifies the propagation direction of the incident i fields.
The orientation of the plane of incidence (and scattering) relative to the surface referenced coordinate system is shown in Figure 2 . The incident wave vector is at an angle a with respect to the z-axis, and its direction relative to the x-axis is specified by the angle ^. For the present, the orientation of the x and y-axis is arbitrary, however, it will be fixed by subsequent considerations. The wave vector is given by r k. 1. = koki = k0 (-sin 6 cos ^x-sin 6sin^y -cos 8z) (9) while a position vector from the origin to any point on S 0 is given as r= x x+ y y + z
The unit normal to the unperturbed surface S 0 is Figure 2 . Orientation of the plane of incidence (and scattering) relative to the surface referenced coordinate system.
The prime and unprime incident electric fields at the surface S o may be ex- • exp(-j 2ki ro) Cs Cl +^Rx+4Ry/ dxdy (14) With the following substitution; 2 r pp, ORx,4Ry) __
A P i P P (15) 
02-x+^Ry
equation (14) reduces to
The zeroth order or physical optics field is given by [12] E k d , r
The backscattered electric field with polarization p'for an incident field with polarization p is, therefore,
The accuracy of (18) is dependent upon the accuracy of the first order perturbation and, if ( 16) and ( 17) are used, the smoothness of the unperturbed surface S . From a more fundamental point of view, the accuracy is detero mined by the basic assumption of two scattering mechanisms, i.e. physical optics and small feature diffraction. Since edge diffraction need not be considered because the composite surface has been specified as free of edges, the two-scattering-mechanism formulation should be adequate.
The backscattering cross section per unit area is given by lim lim 2 I E ,I2 1 pZ apP ,(e,^) = r-*m Ai11^
A j JI (19) 111 Eo where the over-bar denotes an ensemble average. Since 4s is a zero mean process, the cross products in (19) are zero and
13 (17) and because ^s and ^Q are independent processes, W Ŵ pP^( 6 .^) = 2k 2 dpp , see 2 6 R(6,) J J exp(-j koxAx-j koyAy)
• exp (-4ka cos t 6 ^1 11 -P R (Ax,Ay)] ) dAx dAy 4ff / l r ( 11
The new functions in (21) were equivalent for 4k2 Cos 2 6 ^2 >> 1, i.e. the geometrical optics limit. Thus, the first term in (21) is strictly only valid in the geometrical optics limit and this restriction will be satisfied later in the analysis.
The integration in (21) is restricted to the projection of the illuminated areas of S o onto the x-y plane [ 7] . Thus, the second term in (21) is just the spectrum S(kx ,ky ) for (Ikx I > kd) U (lky I > kd). The transform of a function having the same form as <•> was first derived by Stogryn [10] under the assumption of no shadowing. Sancer [15] subsequently included shadowing, i.e. the I functions, and showed that, in the limit of k 0-, Stogryn's earlier result should be multiplied by the shadowing function R(6,^). In particular, it is easily shown, using Stogryn's shadow corrected result, that However, in order to properly include the shadowing function, it will be nec--essary to be more restrictive. That is, (23) is strictly only true in the geometrical optics limit for only then is shadowing properly accounted for by the multiplicative factor R(6,^). Hence, for all further analysis it will be necessary to require that 4ko cost 0 ^2 >> 1. In addition, it is convenient at this point to fix the orientation of the x and y coordinate axes by requiring that ^Y xy = 0. Such a choice simplifies the details of the developwent to follow and also implies that the surface height spectrum has foldover or mirror symmetry about both the k = 0 and k y =0 axes. Another con-. sequence of this choice is that the direction of incidence, i.e. the angle is now specified relative to the surface height spectrum.
The shadowing function for a anisotropic Gaussian surface was shown by Sancer [15] to have the following form; R(6,^) = (1 +C o)_l where *The validity of (23) when the large scale slopes are small has recently been experimentally verified using backscattering measurements acquired by the Skylab radar altimeter [17] . where the specular term at normal incidence (which is implicit in the left hand side of (30)) has been ignored since 4ko ^Z >> 1 (see [10] ). Combining 
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The first term in (21) was evaluated in (30), i.e. the backscattering cross section per unit area is completely specified by the sum of (32) and (33). The derivation leading to (34) required only one assumption or condition, namely, 4k o cos t 6 CR >> 1. In the subsequent parts of this paper, interpretations of (34) will be presented which show that this condition can be violated when the slopes of the large scale surface structure are small. This fact confirms Stogryn's original observations even when shadowing is included.
COMPARISON WITH CONVENTIONAL COMPOSITE SURFACE THEORY
Equations (34), (33) and (32) represent the general expressions for the scattering from a Gaussian, perfectly conducting surface characterized by an anisotropic spectrum and possessing many scales of roughness. The accuracy of the result is dependent upon the large scale structure having large height excursions and small curvature, while the small scale structure must be characterized by small height and slopes.
The geometrical optics term given by (33) dominates the scattering near normal incidence. Except for the case when the large scale slopes are very large, the shadowing function has little effect on the result. The only important difference between (33) and previous results [15] is that (33) is determined by the large scale slope only; that is, the slope of the spectrum in the wavenumber range (Ikx 1 < kd) h (lky1:<k d) The wavenumber k is determined by the condition (on the small scale structure) that 4k o ^s <<l; thus, as ko changes, so also must k d change in order to satisfy 4ko C 2 << 1.
However, as k varies, C2 and ^R 2 will also change. The net effect of this process is to introduce a frequency dependence in (33) through the use of a truncated spectrum in computing the large scale slopes. The con of a truncated or filtered spectrum was first hypothesized by Hagfors 1121 in an attempt to explain lunar scattering data and the observed frequency dependence of near normal incidence scattering. More recently, Tyler [18) has attempted to definitize Hagfors filter theory by basing the spectral truncation wavenumber on a criterion related to the radius of curvature of the large scale surface. Both of these approaches base the point of spectral truncation upon a characteristic of the large scale structure, whereas, it should be based upon the small scale structure, i.e., 4k 2 ^s << 1. The inadequacies in these earlier works probably stem from a failure to consider both types of appropriate scattering mechanisms, i.e. geometrical optics and small scale diffraction, and their proper combination.
In theory, the conventional composite surface scattering theory postulates a truncated spectrum for computing the large scale characteristics; however, little attention has been given to the fact that, as shown above, this will introduce a frequency dependence in the near normal incidence scattering.
As is obvious from the above, the degree of frequency dependence is determined by k 0 and the behavior of the spectrum in the small scale regime. Contrary to
Hagfors original hypothesis, the wavenumber Ic d does not depend upon the angle of incidence. Many of these points will be more clearly illustrated in the section of this paper dealing with a numerical example.
The perturbation term, given by (32), represents the effect of the small scale surface structure upon the scattering process. The convolutional form of (32) also clearly shows the primary impact of the large scale surface structure upon the small scale diffraction. That is, rather than depending upon a single Bragg wavenumber, (kox ,koy ), as in the case of no large scale 21 structure, (32) predicts that the scattering will result from a neighborhood of the Bragg wavenumber. The extent of this neighborhood is directly proportional to the mean square slopes of the large scale surface structure. The finite range integration in (32) insures that no Bragg scattering will result from spectral wavenumbers less than k d . Since there is no small scale structure for k <k a by definition, the finite range integration must be included.
When 8ko cos 2 0 ^ 2 and 8ko c ost 6 ^ 2 are small, t__e exponential factor in (32) is very peaked and it is dominant in the integrand. In this case, the integrals may be evaluated asymptotically using a form of Laplace's method [19] with the following result; One further point of interest is the fact that the geometrical optics term in this limit contributes only a specular term at normal incidence, i.e. axp -tan For the surface height spectrum, the following specific form was selected; (45) is probably an overly simplistic description of the true surface. The spectrum of the large scale structure of the surface is equal to (45) for k< k while the small scale undulations are represented by (45) for k < k< kc . Since the wind speed dependent parameter K is small for V ^ 2 m/sec, the mean square height of the small scale surface perturbations is given by
The constant S is defined as 4k2 ^s = << 1. Thus, using (46), the following relation for kd is determined; 2 2Bko kQ kd Sk2+2Bk2 Equation ( 47), therefore, defines k in terms of the electromagnetic wavenumber, ko , the spectral constant, B, the spectral cutoff wavenumber, k c , and the smallness parameter S. It can also be shown that the total large scale mean square slope has the form rk2 +K2 Thus, using (48) and (47), the cross section is entirely dependent upon the parameter a which, in turn, determines the size of the small scale mean square height ^s If a is chosen to be 0.1, the resulting value of k (from (47)) is 0.95 ( cm) -1 . Hence, for all surface features having a wavelength greater than or equal to 6.6 cm, the geometrical optics part of (44) is assumed to be an adequate description of the scattering process. Conversely, all surface features having a wavelength less than 6.6 cm are assumed to be responsible for the small scale diffraction described by the second term in (44). A typical result for V =4.3 m/sec is shown in Figure 3 for horizontal polarization and in Figure 4 for vertical polarization. The solid curve in
both figures is the sum of the two terms in (44) while the dashed curves show the individual contribution of each term. Of particular note in both figures is the fact that for B :^ 10°, the perturbation result,a 0' (84 , levels I pp1 out to a nonzero value. Thus, the small scale surface height perturbations do indeed contribute to the value of a* at 6 = 0°, although the contribution is more than 15 dB down from the geometrical optics result for this example.
The more important question to be addressed is how small should ^ be made. From (46), as ^2 decreases then kd must necessarily increase until, in the limit of ^a = 0, k = k c . However, as k increases, the geometrical optics solution is required to properly account for the scattering from smaller and smaller scale features in addition to the large scale features. Furthermore, these smaller scale features will have smaller radii of curvature.
Thus, increasing k is equivalent to requiring the geometrical optics solution to account for small scale diffraction, which it obviously cannot. The problem is further compounded by the fact that the geometrical optics result forms the unperturbed solution for the first order perturbation. Thus, a small error in the geometrical optics field may well be greatly magnified in the perturbation field. This discussion clearly demonstrates the merit of choosing 5 as large as possible. On the other hand, $ must be less than one in order to satisfy the basic criterion for the suitability of the perturbstion technique, i.e., 4ko ^s << 1. 
kd should be based on the criterion 4ko ^S a 0.1. For the spectrum studied here, the corresponding value for a d was about three times the electromagnetic wavelength and this does not appear as an unreasonable dividing line between physical or geometrical optics and small scale diffraction effects.
Any attempt to draw a more positive conclusion about the choice of ad would have to address the basic question of the dividing line between the two types of scattering mechanisms. That is to say, the results in this paper are based upon the assumption that the scattering is either physical optics (or geometrical optics for k large enough) or small scale diffraction. Given this assumption, the criterion 4ko ^Q = 0.1 seems reasonable. If one desires to refine this criterion, it will probably be necessary to go to the integral equation io ;he current induced on the surface and attempt to solve it with a minimum of approximation. Such an approach, whether it be analytical or numerical, does not seem to be practical at this time.
6.0
Scattering from a perfectly conducting, Gaussian distributed, random surface has been analyzed using a recently developed perturbation theory. In order to apply this technique.. the surface height spectrum was split into two parts in the wavenumber domain. The so-called large scale part comprises the long wavelength portion of the spectrum (k< k d ) and it is assumed that the physical optics approximation adequately describes the scattering from these height excursions. The small scale spectrum (k >k d ) represents the small wavelength portion of the total height spectrum and the scattering from these Numerical results are presented for a polynomial type surfz: >e height spectrum which is similar to the wind driven ocean spectrum. These results indicate a smooth transition between the geometrical optics and Bragg scattering regimes which previously have been obtained in an ad hoc fashion. Furthermore, these results show that the small scale structure does contribute a small 37 amount to the backscattering at normal incidence. For the spectral model chosen, the calculations and the physics of the problem both tend to indicate that the spectral division point k d should be selecte d according to the criterion 4k 2 ^s = 0.1. For k =3.14 (cm) -1 , k = 0.95 (cm) -1 and ad = 6.6 cm which is more than three times the electromagnetic wavelength. The value of ad also appears, physically, to be a reasonable dividing point between geometrical optics scattering and small scale diffraction.
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